GEOMETRIC INTERPRETATION OF DIVERGENCE

Suppose we have a vector field
f:R*—R?
where f(z,y,2) = fi(x,y, 2)i+ fa(z,y, 2)j+ f3(x,y, 2)k — and we want to measure

how much it “spreads out” from a tiny cube of dimensions Az, Ay, and Az — per
the cube’s volume:
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This cube is so small we can assume the vector-field is constant over the faces
of the cube.

To find out how much of this field leaves a face of the cube (say the top face) we
form the dot-product f(z,y,z + Az) e k- AzAy = f3(x,y,z + Az)AxzAy — since
iek = jek =0. Here, the factor AxAy is the area of that face.

The same computation on the opposite face gives f(z,y,2) o (k) - AzAy =
—f3(x,y, 2) AzAy. The total outflow (from all 6 faces) is:

f3($7y,Z+AZ)A$Ay - f3(1’,y,Z)A$Ay
+f2(I7y+Ay,Z)AIAZ - fZ(CCayaZ)A‘IAZ
—|—f1(l'+Al‘,y,Z)AyAZ - fl(xayaz)AyAZ

= AmAy(fg,(l', Y, 2+ AZ) - f3(.%', Y, Z))

+ AmAz(fg(x,y+Ay,z)fo(x,y,z))

=+ AyAZ(fl(I-FA.I‘,y,Z)—fl(JU,y,Z))

Now we divide by the volume of the cube, AxAyAz, to get the outflow per
volume:

fg(l’,y,Z+AZ) B f3(l’,y,2’)+

Az
fQ(xay+Ay7Z)_f2($vyaz)+
Ay
fl(x+Amuy7Z) _fl(l',y,z)
Az
If we take the limit as Az, Ay, Az all go to 0, we get
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Note that V e f is a (very common) alternate notation for div f, where we think of
V as the “vector”
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This can be applied to the Continuity Equation for fluid flow:
9]
875 +Ve(pv)=0

where p(x,y, z) is the density of the fluid and v is the velocity (vector field).



